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1 (a) Let f(z) =
3z2

(z2 + 1)(z2 + 4)
. For R > 4, consider the positively oriented contour C(R) =

[−R,R] ∪ C+(R), where C+(R) = {Reiθ | θ ∈ [0, π]}. By residue theorem, we have∫ R

−R
f(x)dx+

∫
C+(R)

f(z)dz =2πi (Res(f, i) + Res(f(z), 2i))

=2πi

(
3(i)2

(i+ i)(i2 + 4)
+

3(2i)2

((2i)2 + 1)(2i+ 2i)

)
=π

Furthermore, by triangle inequality,∣∣∣∣∣
∫
C+(R)

3z2

(z2 + 1)(z2 + 4)
dz

∣∣∣∣∣ ≤ πR× 3R2

(R2 − 1)(R2 − 4)

R→∞−−−−→ 0

As a result, we have ∫ ∞
0

f(x)dx =
1

2

∫ ∞
−∞

f(x)dx =
π

2

(b) Let f(z) =
1

2z2 + 2z + 1
. For R > 2, Consider the positively oriented contour C(R) =

[−R,R] ∪ C+(R), where C+(R) = {Reiθ | θ ∈ [0, π]}. By residue theorem, we have∫ R

−R
f(x)dx+

∫
C+(R)

f(z)dz =2πiRes(f,
−1 + i

2
)

=2πi
1

2(−1+i2 − −1−i2 )

=π

Furthermore, by triangle inequality,∣∣∣∣∣
∫
C+(R)

1

2z2 + 2z + 1
dz

∣∣∣∣∣ ≤ πR× 1

2R2 − 2R− 1

R→∞−−−−→ 0

As a result, we have

P.V.

∫ ∞
−∞

f(x)dx = π

1



(c) Let f(z) =
1

z2 + 4
. For R > 4, consider the positively oriented contour C(R) = [−R,R] ∪

C+(R), where C+(R) = {Reiθ | θ ∈ [0, π]}. By residue theorem, we have∫ R

−R
f(x)eiaxdx+

∫
C+(R)

f(z)eiazdz =2πiRes(feiaz, 2i)

=2πi
eia(2i)

2i+ 2i

=
πe−2a

2

Furthermore, by Jordan lemma, since |f(x)| ≤ 1

R2 − 4

R→∞−−−−→ 0, we have

∫
C+(R)

f(z)eiazdz
R→∞−−−−→ 0

As a result, we have ∫ ∞
−∞

f(x)eiaxdx =
πe−2a

2
,

which implies ∫ ∞
−∞

cos ax

x2 + 4
dx =

πe−2a

2

As a result, ∫ ∞
0

cos ax

x2 + 4
dx =

1

2

∫ ∞
−∞

cos ax

x2 + 4
dx =

πe−2a

4

(d) Let f(z) =
z

2z2 + 2z + 1
. For R > 4, Consider the positively oriented contour C(R) =

[−R,R] ∪ C+(R), where C+(R) = {Reiθ | θ ∈ [0, π]}. By residue theorem, we have∫ R

−R
f(x)ei2xdx+

∫
C+(R)

f(z)ei2zdz =2πiRes(fei2z,
−1 + i

2
)

=2πi
(−1+i2 )ei2(

−1+i
2 )

2(−1+i2 − −1−i2 )

=πe−1−i(
−1 + i

2
)

Furthermore, by Jordan lemma, since |f(x)| ≤ R

2R2 − 2R− 1

R→∞−−−−→ 0, we have

∫
C+(R)

f(z)ei2zdz
R→∞−−−−→ 0

As a result, we have

P.V.

∫ ∞
−∞

f(x)ei2xdx = πe−1−i(
−1 + i

2
),

which implies

P.V.

∫ ∞
−∞

x sin 2x

2x2 + 2x+ 1
dx =

πe−1

2
(cos 1 + sin 1)

2



2 Let f(z) =
z

z2 − 1
. For R > 4, consider the positively oriented contour C(R) = [−R,−1 − ε] ∪

C+(−1, ε) ∪ [−1 + ε, 1− ε] ∪ C+(1, ε) ∪ [1 + ε, R] ∪ C+(R), where C+(R) = {Reiθ | θ ∈ [0, π]} and

C+(±1, ε) = {εeiθ ± 1 | θ ∈ [0, π]}. By residue theorem, since f(z)ei2z is analytic inside C(R), we

have ∫
C(R)

f(z)ei2zdz = 0

By Jordan lemma, since |f(z)| ≤ R

R2 − 1

R→∞−−−−→ 0, we have

∫
C+(R)

f(z)ei2zdz
R→∞−−−−→ 0

Moreover,∫
C+(1,ε)

f(z)ei2zdz+

∫
C+(−1,ε)

f(z)ei2zdz = πi(Res(f(z)ei2z, 1)+Res(f(z)ei2z,−1)) =
πi(e2i + e−2i)

2

Therefore, we have

P.V.

∫ ∞
−∞

x sin 2x

x2 + 1
dx = Im(

πi(e2i + e−2i)

2
) = π cos 2

3 Let f(z) =
1

z3
. For R > 4, consider the positively oriented contour C(R) = [−R,−ε] ∪ C+(ε) ∪

[ε, R] ∪ C+(R), where C+(R) = {Reiθ | θ ∈ [0, π]} and C+(ε) = {εeiθ | θ ∈ [0, π]}. By residue

theorem, since f(z)(
3

4
eiz − 1

4
ei3z − 1

2
) is analytic inside C(R), we have∫

C(R)

f(z)(
3

4
eiz − 1

4
ei3z − 1

2
)dz = 0

Note that |
∫
C+(R)

1

2
f(z)dz| ≤ πR× 1

2R3

R→∞−−−−→ 0. Furthermore, by Jordan lemma, since |f(z)| ≤

1

R3

R→∞−−−−→ 0, we have∫
C+(R)

f(z)eizdz
R→∞−−−−→ 0 and

∫
C+(R)

f(z)ei3zdz
R→∞−−−−→ 0

Moreover, ∫
C+(0,ε)

f(z)(
3

4
eiz − 1

4
ei3z − 1

2
)dz

=πiRes

(
f(z)(

3

4
eiz − 1

4
ei3z − 1

2
), 0

)
=πiRes

(
1

z3

(
3

4
(1 + (iz) +

(iz)2

2
+ . . . )− 1

4
(1 + (3iz) +

(3iz)2

2
+ . . . )− 1

2

)
, 0

)
=

3πi

4

Therefore, we have

P.V.

∫ ∞
−∞

sin3 x

x3
dx = Im(

3πi

4
) =

3π

4

3



4 Consider the function f(z) =

√
z

z2 + 1
with the branch cut along positive x-axis. Consider the

contour C = CR + L1 +Cε + L2, where CR = {Reiθ | θ ∈ [0, 2π]}, L1 = {(ε−R)t+R | t ∈ [0, 1]},
Cε = {εei(2π−θ) | θ ∈ [0, 2π]} and L2 = {(R− ε)t+ ε | t ∈ [0, 1]}.

On L1, log z = ln r + 2πi. On L2, log z = ln r. Therefore,∫
L1

f(z)dz =

∫ ε

R

e
1
2 (ln r+2πi)

r2 + 1
dr =

∫ R

ε

√
r

r2 + 1
dr and

∫
L2

f(z)dz =

∫ R

ε

e
1
2 (ln r)

r2 + 1
dr =

∫ R

ε

√
r

r2 + 1
dr =

∫
L1

f(z)dz

On the other hand,∣∣∣∣∫
Cε

f(z)dz

∣∣∣∣ ≤ 2πε

√
ε

1− ε2
ε→0−−−→ 0 and

∣∣∣∣∫
CR

f(z)dz

∣∣∣∣ ≤ 2πR

√
R

R2 − 1

R→∞−−−−→ 0

As a result,

2

∫ ∞
0

f(z)dz =2πi (Res(f, i) + Res(f,−i))

=2πi

( √
i

i+ i
+

√
−i

−i− i

)

=2πi

(
e

1
2 (ln(1)+i(

π
2 ))

2i
+
e

1
2 (ln(1)+i(

3π
2 ))

−2i

)
=
√

2π

Hence ∫ ∞
0

f(z)dz =

√
2π

2

4


